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Finite element model updating is an inverse problem based on measured structural outputs, in this case
maximum principal strain measured using digital image correlation. Full-ﬁeld responses in the form of
strain maps contain valuable information for model updating but within large volumes of highly-redun-
dant data. In this paper, shape descriptors based on Zernike polynomials having the properties of orthog-
onality and rotational invariance are shown to be powerful decomposition kernels for deﬁning the shape
or map of the strain distribution. A square plate with a circular hole subject to a uniaxial tensile load is
considered and effective shape features are constructed using a set of modiﬁed Zernike polynomials. The
modiﬁcation includes the application of a decaying weighting function to the Zernike polynomials so that
high strain magnitudes around the hole are well-represented. The Gram–Schmidt process is then used to
ensure orthogonality for the obtained decomposition kernels over the domain of the specimen, i.e.
excluding the hole. Results show that only a very small number of Zernike moment descriptors are nec-
essary and sufﬁcient to represent the full-ﬁeld data. The onset of yielding may be quantiﬁed using the
descriptors. Furthermore, model updating of nonlinear elasto-plastic material properties is carried out
using the Zernike moment descriptors derived from full-ﬁeld strain measurements.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Traditionally validation of numerical models using data from
experiments has relied on strain values obtained at a point or col-
lection of isolated points using electrical strain gauges. Occasion-
ally techniques such as photoelasticity, Moiré or holographic
interferometry were used and data obtained along sections. Valida-
tion procedures were unsophisticated and largely consisted of
qualitative assessment of the correlation between the data from
experiments and the numerical model for ‘hot spots’ in the data
where the stress in the model was observed to reach a maximum.
In general, strain gauges were only placed at the ‘hot-spots’ indi-
cated by the numerical model thus providing the possibility that
other ‘hot-spots’ not found by the model could exist and be ig-
nored. In addition, in lightweight structures, there is the possibil-
ity, that to save weight, material could be removed from a design
in an area where the model indicates low or zero stress, has not
been validated and is potentially incorrect. These circumstances
could be characterised by an insufﬁciency of experimental data
which fails to place sufﬁcient demands upon the method of com-ll rights reserved.
ng).parison of the experimental and simulated data. Recent advances
in optical methods Sharpe (2008) permit full-ﬁeld maps of surface
strain to be obtained relatively easily using a variety of techniques,
including digital image correlation, automated photoelasticity,
electronic speckle pattern interferometry and thermoelastic stress
analysis. These maps provide a level of redundancy in the data and
require more sophisticated approaches to data comparison be-
tween experiments and numerical models Ravichandran et al.
(2007), which is the focus of this work. The conceptual framework
for veriﬁcation and validation of computational models in solid
mechanics is provided in a set of ASME guidelines (2006), and
Schwer (2007). In this context veriﬁcation refers to ascertaining
that the computational model employed accurately reproduces
the underlying mathematical model whereas validation refers to
checking the extent to which the model is an accurate representa-
tion of the real world. From an experimentalist’s perspective, the
guidelines provide a sequence of steps starting from designing
the experiment for the purpose of performing the validation
through to quantifying the uncertainty in the data measured in
the experiment. Earlier work Whelan et al. (2008), and Patterson
et al. (2007) focused on calibration of the optical system of strain
measurement in order to allow the measurement uncertainties to
be quantiﬁed. Once data have been obtained from speciﬁcally-
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then the next step in the validation process is a detailed, quantita-
tive comparison of these data with those obtained from the com-
putational model which is to be validated. The experimental data
might typically consist of two million values per strain component
for each loading case considered, so a detailed and meaningful
comparison is not straightforward.
The use of experimental measurements to ‘tune’ the parameters
of a ﬁnite element (FE) model, generally known as model updating
and applied in structural dynamics by Mottershead and Friswell
(1993), and Friswell and Mottershead (1995), has been used re-
cently to adjust material properties using full-ﬁeld displacement
data (and derived strain data) from digital image correlation
(DIC) e.g. Avril et al. (2008). Typical examples include Lecompte
et al. (2007), and Leclerc et al. (2009) who compare the full-ﬁeld
measurement and FE prediction directly. The FE nodes generally
do not coincide with any of the available DIC measurement points
and it is therefore necessary to project the DIC data onto the FE
mesh. One approach is to ﬁt a polynomial, usually the FE shape
function, which may be implemented in DIC routines. Leclerc
et al. (2009) showed that use of a coarse mesh had the effect of
eliminating (or smoothing) the measurement noise, whereas a ﬁne
mesh, which was able to represent a complicated displacement
ﬁeld, was affected detrimentally by noise. Réthoré (2010) used a
regularisation term for noise sensitivity minimisation to compute
the bulk displacement ﬁeld without boundary conditions. An alter-
native approach would be to parameterise the boundary condi-
tions, so that they may be adjusted together with the
constitutive equation terms by model updating (Ahmadian et al.,
2002). A different approach is presented in the present paper,
based on pattern recognition techniques (Jain and Duin, 2000)
which offers a powerful approach with the following advantages:
(1) the comparison of the FE prediction to the DIC measurement
is made in terms of the distance between shape feature vectors
and therefore does not require projection of the measurement onto
the FE mesh – the DIC evaluation grid does not have to be the same
as the FE mesh; (2) the data is reduced to a small number of most
signiﬁcant shape features so that inherent redundancy in the full-
ﬁeld measurement is eliminated; and (3) the image is decomposed
using an orthogonal basis with wavelengths that are much longer
than the characteristic dimension of the noise, which (assuming
random noise with zero mean) is therefore rejected.
A general technique in pattern recognition is to extract useful
features from the pattern being analysed by different means and
to make the comparison based on features (Duda et al., 1973).
Functional transformation is one of the most adopted procedures
to extract such features. Using the Fourier transform to extract
shape features is one the earliest techniques in pattern recognition
by Zahn and Roskies (1972), and Persoon and Fu (1977). Global fea-
tures are captured by the lower spatial frequency components
while the noise is present in the higher frequency components.
Wavelet descriptors are especially useful in distinguishing strain-
ﬁeld heterogeneities (Mallat and Hwang, 1992). A number of pa-
pers address the problem of structural damage detection using
the wavelet descriptor, including Chang (2004), Fan and Qiao
(2009), Douka (2003), and Liew andWang (1998). Multi-resolution
analysis proposed by Mallat (1989) is an important capability of
wavelets, having great potential for data compression. Digital im-
age coding using wavelets was described by Antonini et al. (1992).
The geometric moments of binary images, introduced by Hu
(1962), were probably the ﬁrst image moment descriptors. Orthog-
onal image moment descriptors were later proposed by Teague
(1980) using the continuous orthogonal polynomials – e.g. the Zer-
nike and Legendre polynomials. Discrete orthogonal polynomials
were proposed to reduce the numerical errors produced by the
discretisation of the continuous polynomials during the momentevaluation of the digital images. Mukundan et al. (2001) adopted
the discrete Tchebichef polynomials to characterise the global
shape features of the digital images. Yap et al. (2003) introduce
the discrete Krawtchouk moment which is capable in describing
local features. The discrete Hahn moment descriptor (Yap et al.,
2007) is more general than the Tchebichef moments (global char-
acteristics) and the Krawtchouk moments (local characteristics)
and has characteristics between them These orthogonal polynomi-
als are deﬁned on uniformly distributed lattices. The use of discrete
orthogonal polynomials deﬁned on non-uniform lattices for image
analysis was proposed by Zhu and his co-workers (Zhu et al.,
2007b,a). The dual Hahn and the Racah polynomials have promis-
ing possibilities for those applications when the DIC evaluations or
FE predictions are performed on non-uniform meshes.
Image processing methods have been investigated and applied
to recognise full-ﬁeld vibration mode shapes Wang et al.
(2009b,a, 2011). It was found that suitable selection of transforma-
tion kernel functions produced succinct and efﬁcient features,
making the comparison of redundant full-ﬁeld vibration mode
shapes with predicted eigenvectors achievable in a concise and
effective way. It is intended to apply such techniques to the full-
ﬁeld stress/strain pattern in this paper.
The selection of the kernel functions is always problem depen-
dent. However, certain general requirements for the shape feature
extraction kernels should be satisﬁed: unique deﬁnition, geometric
invariance (scaling, rotation, reﬂection etc.), ease of reconstruction,
inexpensive computation and so on. The Zernike polynomial, one of
the most powerful feature extraction kernels for circular and annu-
lar structures (Wang et al., 2009b), fulﬁls several requirements as
mentioned – rotational invariance, uniqueness and ease of retrieval
by using orthogonality conditions. The features extracted by the
Zernike polynomials are called the Zernike Moments Descriptor
(ZMD). However, the orthogonality of the Zernike polynomials is
satisﬁed only within the domain of the unit circle. It is necessary
to be able to create or modify a set of orthogonal kernel functions
deﬁned on non-regular domains, in the present case a rectangular
plate with a circular hole. The Gram–Schmidt orthogonalisation
(GSO) process was proposed Mahajan (1981) to regain the orthog-
onality of the Zernike polynomials deﬁned over an annular domain.
This approach is readily extended to non-circular structures.
The modiﬁed Zernike polynomials developed in this paper are
ideally suited to the extraction of shape features from cyclically
symmetric strain patterns, such as in the particular study of an alu-
minium plate with a circular hole under tensile loading. Modiﬁca-
tion of the Zernike kernels is optimised by Newton’s method. The
resulting ZMs show the required efﬁciency and effectiveness as
discussed in Section 3. The full-ﬁeld strain contours are seen to ‘ex-
pand’ with increasing load and it is seen that this can be repre-
sented by the development of a very small number of the ZMDs.
Furthermore, ﬁnite element model updating of the elasto-plastic
material properties for the specimen is also successfully carried
out based on the experimental data and using the most signiﬁcant
ZMDs, as explained in Section 4.
2. Construction of shape features – modiﬁed Zernike moment
descriptors
The general form of transform-based shape features may be ex-
pressed as,
D ¼ T ½Sðx; yÞ ð1Þ
where Sðx; yÞ denotes the continuous shape pattern and T ½ repre-
sents the transformation for extracting the shape features. More
speciﬁcally, it can be deﬁned by projecting the pattern onto a set
of kernel functions Riðx; yÞi¼1;2;... as
Fig. 1. Rectangular test specimen with a circular hole normalised inside an unit
circle: a2 þ b2 ¼ 4; e < min a2 ; b2
 
.
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Z
X
Ri ðx; yÞSðx; yÞdxdy ð2Þ
whereX denotes the domain of deﬁnition. For instance, Fourier fea-
tures can be obtained by assigning complex sinusoids as the kernel
functions.
2.1. Circular Zernike moment descriptors
When the orthogonal Zernike polynomials {Vi,i=1,2,. . .} deﬁned
over a unit circle are adopted as the kernel functions, Eq. (2) is ex-
pressed as
zi ¼
Z Z
x2þy261
Vi ðx; yÞSðx; yÞdxdy ð3Þ
where ⁄ denotes the complex conjugate, and
Vi  Vn;mðx; yÞ  Vn;mðq; #Þ ¼ Rn;mðqÞeim# ð4Þ
where Rn,m(q) represents the radial polynomials which are deﬁned
in detail in Appendix A. Thus, zi may now be called the Zernike mo-
ment descriptor (ZMD).
2.2. Gram–Schmidt orthonormalization of the Zernike polynomial over
a non-circular domain
A set of orthonormal Zernike polynomials deﬁned over an arbi-
trary domain, e.g. a rectangular plate with a circular hole as shownFig. 2. Finite element mesh for a square plate with circular a holin Fig. 1, may be determined by Gram–Schmidt orthonormalization
(GSO) as
P01 ¼ V1 ð5Þ
and
P0‘ ¼ V ‘ 
X‘1
k¼1
projP0kðV ‘Þ; for ‘; k 2 N and ‘P 2 ð6Þ
where N is the set of natural numbers, projP0k (V‘) denotes the pro-
jection of V‘ onto P
0
k; V ‘ is the circular Zernike polynomial;
fP01; P02; . . . ; P0Ng are the Gram–Schmidt orthogonalised arbitrary Zer-
nike polynomials which can further be normalised by Pi ¼ P0i=kP0ik.
Thus, {P1,P2, . . . ,PN} are the orthonormal arbitrary Zernike polyno-
mials. Eq. (6) may also be re-written in the form of an inner product
as,
P0‘ ¼ V ‘ 
X‘1
k¼1
hP0k;V ‘i
hP0k; P0ki
P0k ð7Þ
The inner product can be expressed as
hf ; gi ¼
Z Z
H
f ðx; yÞgðx; yÞdxdy

Z Z
f ðx; yÞgðx; yÞHðx; yÞdxdy ð8Þ
where H(x,y) is a binary (zero or unity valued) function that deﬁnes
the shape of the structure. For example, the function HRC(x,y) for a
rectangular plate with a circular hole as shown in Fig. 1 can be de-
ﬁned as
HRCðx; yÞ ¼ 1; jxj 6
a
2 ; jyj 6 b2 and
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
P e
0; otherwise
(
ð9Þ
Thus, shape features, i.e. the Zernike moment descriptor deﬁned
over the non-circular structure, can be obtained by substituting
the Gram–Schmidt orthonormalised kernels Pk(x,y) into Eq. (2) as
zk ¼
Z Z
HRC
Sðx; yÞPkðx; yÞdxdy ð10Þ
where zk is called the kth Zernike moment descriptor of the strain
pattern Sðx; yÞ.
In this case, a ﬁnite element model of a thin square plate with a
circular hole in the centre is considered as shown in Fig. 2(a). The
dimensions of the plate are 0.075 m  0.075 m and thicknesse representing the central portion of the specimen in Fig. 1.
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considered and uniform pressures were applied to the top and bot-
tom edges. Only a quarter of the FE model was used as shown in
Fig. 2(b) and the usual displacement symmetry constraints were
applied. Uniform nodal forces were applied to the upper edge DE
to simulate the uniformly distributed pressure. The continuous
strain map of the whole structure was interpolated from the nodal
strains using the element shape functions. For example, a full-ﬁeld
map of maximum principal strain for the FE model under elastic
deformation is shown in Fig. 3(a).
Full-ﬁeld shape pattern descriptors are not necessarily concen-
trated on the regions of high strain (such as around the circumfer-
ence of the central hole) and special measures are therefore
necessary to ensure that the shape can be represented using an
acceptably small number of descriptors. Since the maximum and
minimum strains appear symmetrically in the region around the
circumference of the central hole, Fig. 3(a), the real-valued Zernike
polynomials, i.e. using the real part of Eq. (4), are identical to the
imaginary-valued Zernike polynomials, except for a phase differ-
ence, and therefore contain all the information required. In what
follows only the real parts of the complex Zernike polynomials
are used to construct the orthogonal basis, by the Gram–SchmidtFig. 3. Maps of maximum principal strain obtained from (a) the ﬁnite element mode
polynomial (n = 8) with 15 moment descriptors retained (K = 15); and (c) the difference
Fig. 4. Representation of (a) the 14th (Vi=14) and 26th (Vi=26) Zernike polynomials; (b) Gr
(b) but with a coordinate transformation applied before the orthonormalisation; and (d
transformation and prior to the orthonormalisation.method. Also, the real basis ensures that the reconstructed strain
map will be real. Taking the 14th and 26th circular Zernike polyno-
mials (i.e. Vi=14 and Vi=26), as shown in Fig. 4(a) for instance, these
two polynomials exhibit patterns arranged similarly to the FE
strain distributions. Thus, a new set of shape decomposition kernel
functions, denoted as the GSO_Z1 kernels, can be deﬁned over the
domain of the specimen based on the circular Zernike polynomials.
The orthonormality of the GSO_Z1 is regained by applying the
Gram–Schmidt orthonormalization (GSO) process. The GSO_Z1 ver-
sion of the 14th and 26th kernels are shown in Fig. 4(b). It is seen
that the high strain locations of the GSO_Z1 kernels are not as close
to the central hole as are those in the strain pattern in Fig. 3(a). One
possible way to ‘push’ the high strain areas of the GSO_Z1 kernels
towards to the centre is by transforming the radial coordinates of
the circular Zernike polynomial before carrying out the GSO. The
transformed radial function is then expressed as
R0n;mðqÞ  Rn;mðq0Þ ¼ Rn;mðq
1
mÞ ð11Þ
where Rn,m() is the radial function of Eq. (4), q0  q0ðq; mÞ ¼ q1m with
m 2 R and m > 1. Thus, another set of orthonormal kernels, denoted
as GSO_Z2, can be obtained by applying the GSO process to thexx
l shown in Fig. 2; (b) the same map reconstructed using an eighth order Zernike
or residual between (a) and (b) representing the lost information.
am–Schmidt orthonormalisation of the same polynomials, i.e. P014 and P
0
26; (c) as for
) as for (c) but with a decaying weighting function applied after the coordination
Fig. 5. Convergence of the kernel parameter l⁄ = [v,t]T by Newton’s method from an
initial guess of [2.5,3.3] using the objective function in Eq. (13).
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in Fig. 4(c), are the 14th and 26th kernels of GSO_Z2 when assigning
m = 2.50 to Eq. (11). It is clear that the high strains are closer to the
centre than for GSO_Z1. However, the GSO_Z2 kernels show large
values in the regions around the outside edges which are unrepre-
sentative of the FE strain distributions. To reduce this effect, the ra-
dial functions may be modiﬁed by multiplying by a decaying
weighting function w(q, t) as
Rwn;mðq; tÞ  wðq; tÞR0n;mðqÞ ¼ qtR0n;mðqÞ; t 2 R ð12Þ
Thus, the third set of decomposition kernels denoted as GSO_Z3
are obtained by applying the GSO on the modiﬁed Zernike polyno-
mials in Eq. (12). As illustrated in Fig. 4(d), the 14th and 26th ker-
nels of GSO_Z3 evaluated for t = 3 show closer similarity to the FE
strain pattern than GSO_Z1 or GSO_Z2. Therefore, it is practical to
employ the GSO_Z3 kernels to extract shape features from the
strain patterns because they are especially capable of representing
the essential shape information close to the central hole.
2.3. Optimisation of the kernel parameters m and t
Optimisation for the parameters in the kernel functions can be
determined by minimising a particular objective function. A com-
mon objective function is the mean-square error deﬁned as,x
Fig. 6. Spectrum of the Zernike moment-descriptor obtained for the strain map in Fig. 3
prior to a Gram–Schmidt orthonormalisation (as in Fig. 4(d)).f ðlÞ ¼
Z Z
X
ðS  S^ðlÞÞ2dA ð13Þ
where
S^ðlÞ ¼
XN
i¼1
ziðlÞPiðlÞ ð14Þ
and l is the parameter vector of the kernel functions,
l ¼ m
t
 
ð15Þ
where m and t are deﬁned in Eqs. (11) and (12) respectively.
An alternative objective function can be deﬁned based on the
shape energy. i.e. the squared norm difference between the original
and reconstructed shapes is
f ðlÞ ¼ kSk2  kbSðlÞk2 ¼ Z Z
X
S2dA
XN
i¼1
z2i ðlÞ ð16Þ
Since these objective functions involve complicated non-linear pro-
cesses, such as GSO, optimisation of the kernel parameters may be
implemented numerically by Newton’s method (see Appendix C) as
lnþ1 ¼ ln  ½Hf ðlnÞ1$f ðlnÞ; nP 0; n 2 Z ð17Þ
where H and $ denotes the Hessian and gradient of the function
f(ln). For example, Fig. 5 shows the convergence of l⁄ = [m, t]T
= [3.300,5.8785]T from an initial guess l0 = [m0, t0]T = [2.500,
3.300]T by the objective function of Eq. (13) while S in this equa-
tion is the strain pattern at initial yielding. Therefore, the shape fea-
tures extracted by the modiﬁed Zernike polynomials with
optimised kernel parameters, i.e. substituting l⁄ into Eqs. (11)
and (12), are optimal because the residual between the original
and reconstructed strain patterns is minimised.
Thus, the Zernike moment descriptors (ZMD) of the strain map
in Fig. 3(a) are determined by substituting the GSO_Z3 kernels into
Eq. (10) and their contributions are plotted in Fig. 6. Also, the indi-
vidual kernels corresponding to 12 largest terms in descending or-
der are shown in Fig. 7. These illustrate the contribution of each
Zernike moment descriptor to describing the original strain map.
It can be seen from Fig. 6 that only a very small number of terms
are signiﬁcant. The largest ZMD term is which represents the mean
value of the shape pattern. The second most signiﬁcant ZMD is
which corresponds to the 6th GSO_Z3 kernel and as illustrated in
Fig. 7 represents very closely the maxima and minima in the
strain patterns around the central hole. Further shape features(a) using the coordinate transformation to which a decaying weighting was applied
Fig. 7. Individual decomposition kernels for the strain map in pattern Fig. 3(a) sorted in three rows from the top by decreasing magnitude of the Zernike moment descriptor
in Fig. 6.
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signiﬁcant shape information.
By deﬁnition, the number of decomposition kernels {Pk,k=1,2,. . .}
is inﬁnity and so is the number of shape feature descriptors. For
practical purposes it is essential to reduce the number of the
descriptors without signiﬁcant loss of information. An appropriate
selection of the kernels for the problem in hand may result in only
a small number of signiﬁcant descriptors. However, certain criteria
must be met to ensure the retained small number of signiﬁcant
shape features is sufﬁcient to represent the original pattern. A
comparison with the original of the reconstructed pattern obtained
with the retained features is a feasible criterion.
The reconstruction may be expressed as
Sðx; yÞ ¼
X1
k¼1
zkPk ð18Þ
which is always approximated by
bSðx; yÞ ¼XK
r¼1
zrPr ð19ÞFig. 8. Convergence of the coefﬁcients .(K) (deﬁned by Eq. (23)) between the original stra
of the greatest terms retained and with different orders of the radial part of the Zernikewhere {zr,r=1,2,. . .,K} are the K most signiﬁcant descriptors sorted by
decreasing amplitude. The norm of the original shape can be ex-
pressed as
kSðx; yÞk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ Z
HRC
Sðx; yÞSðx; yÞdxdy
s
ð20Þ
and the norm of the reconstructed shape is
kbSðx; yÞk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXK
r¼1
jzr j2
vuut ð21Þ
according to the orthonormal property of the decomposition ker-
nels as derived in Appendix B. To determine the sufﬁcient number
Kmax of K, a percentage threshold, e.g. 95%, is deﬁned for the ratio
between the norms of the approximated and the original shapes as
.ðKmax  1Þ < s 6 .ðKmaxÞ ð22Þ
wherein map with the reconstructed strain maps from the ZMDs with increasing numbers
polynomial.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kbSðx; yÞk
kSðx; yÞk
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPK
r¼1jzr j2R R
HRC
Sðx; yÞSðx; yÞdxdy
vuut ð23Þ
Therefore, Kmax may be reasonably small and the original-shape
information efﬁciently retained in the extracted shape features.
For instance, the convergence curves of the coefﬁcient deﬁned
by Eq. (23) for the strain map in Fig. 3(a) are shown in Fig. 8. The
highest orders of the radial part of the Zernike polynomial consid-
ered are n = 5 and n = 8. It is seen from the curves that the correla-
tion coefﬁcient .(K) converge to 0.92 and 0.93, respectively. That is
the higher the order of the Zernike polynomial, the closer will be
the converged correlation coefﬁcient to unity. The coefﬁcient will
converge even closer to 1 when more ZMDs are included and with
polynomials of higher order than 8. However, retaining the 15
greatest Zernike moment descriptors up to order 8 is shown to
be sufﬁcient to describe the strain map. The reconstructed strain
map in Fig. 3(b) shows good similarity with the original strainφ
Fig. 9. Test specimen; (a) dimension of the aluminium spe
Fig. 10. Loading history for the experimental test with the locationmap, conﬁrmed by the small residual shown in Fig. 3(c), which rep-
resents the lost information.3. Shape features of the full-ﬁeld strain pattern measured by
DIC
To generate data for the validation of the FE model shown in
Fig. 2, full-ﬁeld measurements of strain were carried out for a qua-
si-static tensile test using a Digital Image Correlation system (Istra
4D, Dantec Dynamics, Ulm, Germany). A test specimen was ma-
chined from 1.016 mm thick Aluminum plate to the dimensions
shown in Fig. 9(a) and tensile load applied along the longitudinal
axis at the ends. The specimen was longer than the corresponding
ﬁnite element model so that, based on Saint Venant’s principle; the
method of load application would not inﬂuence the area of analysis
which was a square in the centre of the specimen of dimensions
(0.075  0.075 m) as shown in Fig. 9. The tensile load was appliedcimen; (b) speckle pattern sprayed on the specimen.
at which data from the DIC were sampled shown as red circles.
Fig. 11. Maps of maximum principal strain obtained using digital image correlation (top); their reconstructions from modiﬁed Zernike moment descriptors with 15 terms
retained (middle) and the residual, i.e. the difference between the original and reconstructed maps (bottom).
Table 1
Coefﬁcient or ratio of original measured strain map to reconstruction strain maps
using Eq. (23) for maximum eighth order polynomials (n = 8) with 15 ZMDs retained
(K = 15).
Loading step Tensile loading (kN) Coefﬁcient .(K)
10 6.4 0.98
20 12.9 0.99
30 16.1 0.99
40 17.5 0.98
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using a servo-hydraulic loading machine (MTS 810, MN, United
States) and following the loading history shown in Fig. 10. Images
of the area of analysis were collected at each step using a CCD cam-
era (Marlin F-146B, Allied Vision, Stadtroda, Germany) ﬁtted with a
12 mm lens (Cinegon 1.4/12–0515, Schneider, Germany). The cam-
era had a resolution of 1392  1040 pixels and the specimen was
positioned such that it ﬁlled approximately 90% of the short
dimension of the detector. During data capture the area of interest
was illuminated using the LED lamp provided with the DIC system.
The specimen was prepared by painting a speckle pattern on the
surface. Digital correlation of the sequence of captured images
was performed using the Istra 4D software (Dantec Dynamics) to
produce maps of the in-plane components of displacement and
strain. The speckle size and subset size were adjusted according
to the measurement ﬁeld of view and strain range to be captured.
This resulted in a subset size of 13 pixels with a grid spacing of
6 pixels. Four maps of the maximum principal strain at 6.4, 12.9,
16.1 and 17.5 kN were used as samples for comparison with the
data from the ﬁnite element model. The location in the load history
from which these data sets were taken is shown in Fig. 10 and the
maps are shown in the top row of Fig. 11. Each map contains
23,622 data points at which a measurement was made.The methodology discussed in the previous section was em-
ployed to effectively and efﬁciently describe these strain maps
with modiﬁed Zernike moment descriptors and the reconstruc-
tions are shown in the middle row in Fig. 11 with the resultant
residuals in the bottom row. As in the previous section the maxi-
mum order of the polynomials was eight and ﬁfteen moment
descriptors were retained (K = 15) which ensured that the coefﬁ-
cient .(K) deﬁned by Eq. (23) was always greater than 0.98 as
listed in Table 1.
By deﬁning yielding to initiate when the maximum principal
strain was 0.2% it was possible to deﬁne initial yielding contours
using the DIC measurements and these are shown in Fig. 13. It
can be seen that the specimen has undergone only elastic deforma-
tion at 6.4 kN, at 12.9 kN the areas around the hole begin to yield,
half of the specimen has yielded when the loading is increased to
16.1 kN and the plastic region has grown a bit more at 17.5 kN.
Fig. 12 shows the largest eleven Zernike moment descriptors as
functions of the applied tensile load. For example, the largest ZMD
z1, representing the average strain, grows rapidly after 12 kN be-
cause the whole specimen begins to yield. The next largest ZMD
z6, which, based on the data in Fig. 7, provides a good representa-
tion of the maxima and minima values of strain around the hole
does not increase as rapidly as z1 probably as a result of plasticity
at the edge of the hole leading to a redistribution of load away from
the hole. It may be possible that the Zernike moment descriptors
could be used to identify automatically the onset of yield in a
structure.
The relative energies (i.e. dividing the individual ZMD energy
by the total energy) for the ﬁve most signiﬁcant ZMDs
(z1,z6,z14,z26,z44) are shown in Fig. 14. It is seen that the energy
percentage of ZMD remains around 85% when the load is less than
13 kN. This means that the modiﬁed Zernike polynomial (i.e. the
mean value) dominates and does not change because the whole
Fig. 12. Eleven largest Zernike moment descriptors as a function of applied load.
Fig. 13. Initial yielding contours obtained from DIC measurements assuming
yielding occurs at 0.2% maximum principal strain.
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the onset of plastic deformation when the relative energies of the
higher order ZMDs increase. The relative energies of ZMDs z6 and
z14, which show highly similar patterns to the strain distribution
in the specimen, both increase from around 10 kN. This is an indi-
cator of the onset of plastic yielding. Furthermore, the relative
energies of the higher order ZMDs, e.g. z26 and z14 as shown in
Fig. 14, increase at higher loadings – around 17 kN. These modiﬁed
Zernike polynomials dominate the region slightly further away
from the central hole than the lower order ones. The relative ener-
gies of ZMDs z26 and z14 increase signiﬁcantly at higher loading be-
cause of plastic deformation which develops in the region where
they dominate.
Now, the use of a small number (K = 15) descriptors can be used
to reliably represent data maps containing the order of 105 points
which renders quantitative comparisons within the experimental
data, such as in Fig. 12, relatively straightforward. It also allows
updating of the FE model to be carried out by comparing FE predic-
tions with the DIC measurements represented by the most signiﬁ-
cant modiﬁed Zernike-moment descriptors.4. FE model updating using shape features of strain maps
In this section, updating of the FE model based on Zernike mo-
ment descriptors from the DIC measurements is presented. The
parameters to be updated are the material properties that deﬁne
the elastic–plastic stress/strain curve and the geometric dimen-
sions of the specimen. Speciﬁcally, the parameters are the Young’s
modulus, which determines the linear stress/strain curve in the
elastic range, yield stress, the plastic strain at 285 MPa and
310 MPa, which partially deﬁne the stress/strain curve in the plas-
tic range in the form of linear segments and the thickness of the
plate. As for the previous analyses, the GSO_Z3 kernels of the max-
imum principal strain pattern at the four points in loading history
were adopted and the same eleven most signiﬁcant ZMD (K = 11)
used in Fig. 12 were retained during the updating process as listed
in Table 2.
The iterative process of model updating based on the sensitivity
method Friswell and Mottershead (1995) may be expressed as
hðiþ1Þ ¼ hðiÞ þ GTðiÞWeeGðiÞ þWhh
h i1
 GTðiÞWeefxðmÞ  xðiÞg WhhfhðiÞ  hð0Þg
n o
ð24Þ
where h(i) and hi+1 are p  1 vectors of structural modiﬁcation
parameters at the current and next iterations; x(m) and x(i) denote
q  1 the responses of the measured and predicted output vectors
(shape features) at the current iteration; Wee is the weighting ma-
trix for the errors of output vectors; Whh is the weighting matrix
for the parameters; G(i) is the sensitivity matrix at the current iter-
ation, written as
GðjÞ ¼ @xk
@h‘
 
h¼hðjÞ
; k ¼ 1;2; . . . ; q; ‘ ¼ 1;2; . . . ; p ð25Þ
It is usually necessary to scale Eq. (24). One of the most com-
mon ways of scaling is by dividing the prediction error by the pre-
diction and the parameter error by the initial value of the
parameter. Thus the sensitivity equation may be expressed as,
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Fig. 14. Energy percentages of the ZMD z1, z6, z14, z26 and z44.
Table 2
Shape-feature terms used for model updating.
# 1 5 6 14 15 25 26 41 42 43 44
n 0 2 2 4 4 6 6 8 8 8 8
m 0 0 2 2 4 0 2 0 2 4 6
W. Wang et al. / International Journal of Solids and Structures 48 (2011) 1644–1657 1653where h(0) = {h(0),1, . . . ,h(0),‘ , . . . ,h(0),p}T and x(0) = {x(0),1, . . . , x(0),k, . . . ,
x(0),q}T are the initial unknown parameter and prediction vectors,
respectively. For this aluminium specimen, the machining of the
circular hole may have induced a heat affected zone in which the
material properties might be different from the nominal values.
Therefore, the parameters for the present updating process areh ¼ f E ry0 1 m Tp gT ð27Þwhere represents E the Young’s modulus, ry0 initial yield stress, 1
plastic strain corresponding to 285 MPa, m the plastic strain corre-Fig. 15. Elasto-plastic material propersponding to the ultimate stress (310 MPa) Tp and the thickness of
the plate. The initial values of these parameters are
hð0Þ ¼ f69 GPa 250 MPa 0:008 m=m 0:075 m=m 1 mm gT
The nominal stress/strain curve for the FE model is shown in Fig. 15
as the blue dotted line labelled with asterisks.
Using Eq. (23) all the ﬁve parameters converged after 15 itera-
tions as shown in Fig. 16 and the updated stress/strain curve for
the FE model is shown in Fig. 15 as the red dotted line labelled with
circles. It can be seen that the main discrepancy in the material
model was the region in the vicinity of the initial yielding.
Cosine distances, i.e. the cosine value of the angle between
two vectors (unity cosine distance denotes collinear vectors and
zero cosine distance is for perpendicular vectors) between the
Zernike moment descriptors of the FE model and DIC measure-
ment were determined and listed in Table 3. It is seen that all
the distances are greater than 0.96 which indicate the strain maps
are highly correlated. Also, the cosine distances for loads of 6.4,
12.9 and 16.1 are improved after updating process. For the
17.5 kN load, the cosine distance is reduced slightly but it stillty curve (nominal and updated).
Fig. 16. Parameter updating history.
Table 3
Cosine distance between ZMDs describing maximum principal strain maps from ﬁnite
element model and digital image correlation measurements.
Load (kN) 6.4 12.9 16.1 17.5
fcos,0 (initial) 0.9696 0.9827 0.9755 0.9864
fcos,up (updated) 0.9698 0.9844 0.9823 0.9641
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strain maps. However, the cosine distance is not a complete mea-
sure of the similarity of two vectors; it is necessary also to com-
pare the lengths of the vectors. As in Fig. 17 which shows the
eleven most signiﬁcant ZMDs for the 17.5 kN load. The white bars
are the ZMDs of the nominal FE model, the solid black bars are
from the DIC measured strain map and the gray bars are the
ZMDs of the updated model. It is clear that the updated ZMDs
are much closer to the descriptors from the DIC measurements
than the ones from the initial FE model.x
- 3
Fig. 17. Comparison of Zernike moment descriptor for the results from the initial and updAn error norm between the shape feature vector, f for the re-
sults from the FE model, and shape feature vector, fm for the DIC
measurements may be expressed as,ferr ¼ jf  fmjjfmj  signðjfj  jfmjÞ ð28Þ
This error norm for the 17.5 kN load is reduced by updating
from 2.76 to 1.29.
The improvements achieved by the updated model may also be
seen from Fig. 18 the four most signiﬁcant Zernike moment
descriptors are presented as functions of load. It is clear that the
updated curves (dashed lines) are closer to the measured curves
(solid lines) than the initial model (dotted lines). Therefore, it can
be reasonably concluded that the FE model has been improved
by using the iterative updating process based on the Zernike mo-
ment descriptors obtained from measured full-ﬁeld strain data.ated ﬁnite element model and the DIC measurements for an applied load of 17.5 kN.
Fig. 18. Shape feature development with loading – showing initial, measured and
updated values of the four largest Zernike moment descriptors.
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The ease of availability of high resolution maps of strain (and
stress) components from experimental measurement systems
based on techniques such as digital image correlation offer the
possibility of performing detailed comparisons and validation
of data from numerical models. The challenge arising from this
is to carried out meaningful and useful quantitative comparisons
when the data sets from experiment and modelling possibly con-
tain 105 or 106 data values. It is demonstrated here that pattern
recognition techniques enable an effective and efﬁcient way to
characterise the full-ﬁeld static strain maps and that it is feasible
to select or construct useful shape descriptors tailored to the
problem in hand. Particularly, a modiﬁed set of the Zernike poly-
nomials has been constructed to represent the full-ﬁeld map of
maximum principal strain obtained from digital image correla-
tion measurements made in a plate with a circular hole subject
to tensile loading. The parameters of the modiﬁed Zernike ker-
nels were optimised by minimising the mean square root of
the residual between the original and reconstructed strain maps.
The number of signiﬁcant Zernike moment descriptors necessary
to represent the original strain maps was shown to be quite
small while the accuracy of representation was very good in-
deed. The behaviour of the Zernike moment descriptors as func-
tions of the applied load was investigated as the load was
increased and yielding developed in the plate. It is proposed that
the Zernike moment descriptors could be used to identify auto-
matically the onset of yield in a structure since the descriptors
provide a quantitative characterisation of the changes in the
strain ﬁeld with load. Furthermore, ﬁnite element model updat-
ing of the elasto-plastic material properties and geometric
dimensions was also successfully carried out based on a small
number of Zernike moment descriptors and was demonstratedto provide a more accurate model when compared to the mea-
surements obtained by digital image correlation. This approach
represents a quantiﬁable route to validation and a means to pro-
vide conﬁdence in modelling results.Acknowledgements
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(EAP).Appendix A. The circular Zernike moment descriptor deﬁned
over the unit circle
The complex Zernike moment descriptor of pattern Sðx; yÞ over
the unit circle can be deﬁned as,
zi  Zn;m ¼ nþ 1p
Z Z
x2þy261
Sðx; yÞVn;mðx; yÞdxdy ðA1Þ
or expressed in polar coordinates as,
zi  Zn;m ¼ nþ 1p
Z 2p
0
Z 1
0
Sðq; #ÞVn;mðq; #Þqdqd# ðA2Þ
where ⁄ denotes the complex conjugate and Vn,m(x,y) or Vn, m(q,#) is
the complex Zernike polynomial introduced by Zernike (1934) and
expressed as,
Vn;mðx; yÞ  Vn;mðq; #Þ ¼ Rn;mðqÞeim# ðA3Þ
wherei
ﬃﬃﬃﬃﬃﬃﬃ
1
pn Non-negative integer, representing the order of the
radial polynomial;m Positive and negative integers subject to constraints
n  jmj even, jmj 6 n representing the repetition of the
azimuthal angle;q Length of vector from the origin to (x,y);
# The azimuthal angle between vector q and the x-axis in
counter-clockwise direction and
Rn,m Radial polynomial deﬁned asRn;mðqÞ ¼
Xnjmj2
s¼0
ð1Þs ðn sÞ!
s! nþjmj2  2
	 

! njmj2  2
	 
qn2s ðA4Þ
Complex Zernike polynomials satisfy the orthogonality condition
Zernike (1934),Z Z
x2þy261
Vp;qðx; yÞVn;mðx; yÞdxdy ¼
p
nþ 1 dn;pdm;q ðA5Þ
where and dn,p and dm,q are Kronecker deltas.
For a digital image, the Zernike moment descriptors may be cal-
culated by replacing the integral in Eq. (A1) with the summation,
Zn;m ¼ nþ 1p
X
n
X
m
Sðx; yÞVn;mðx; yÞ; x2 þ y2 6 1 ðA6Þ
The Zernike polynomials Vn,m may be expressed using a single
subscript for simplicity as Vi  Vn,m. For instance, V1 = V0,0;
V2 = V1,1; V3 = V1,1 etc.
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kbSðx;yÞk2¼Z Z
X
XN
k¼1
zkPk
 ! XN
i¼1
ziPi
 !
dxdy ðB1Þ
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Z Z
X
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 !
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According to the orthonormal property of the kernels, Eq. (B3)
yields
kbSðx; yÞk2 ¼XN
k¼1
ðjzkj2  1Þ þ
XN;N
i–‘
ziz‘  0
  ðB4Þ
¼
XN
k¼1
jzkj2 ðB5ÞAppendix C. Newton’s Method
A local extremum of a twice-differentiable function f(l) can be
determined by
lnþ1 ¼ ln  ½Hf ðlnÞ1$f ðlnÞ; nP 0 ðC1Þ
whereH and $ denotes the Hessian and gradient of function f(ln).
If the initial guess l0 is chosen close enough to l⁄, the sequence de-
ﬁned by Eq. (C1) will converge towards to the root of $f ðdlÞ. That is
$f ðlÞ ¼ 0. Particularly, the kernel parameters l are the expanding
and weighting powers of the radial function of the Zernike polyno-
mials, expressed as
l ¼ v
t
 
ðC2Þ
The Hessian matrix is
Hf ðlÞ ¼
@2 f
@v2
@2f
@v@t
@2 f
@t@v
@2f
@t2
24 35 ðC3Þ
and gradient of the function is
$f ðlÞ ¼
@f
@v
@f
@t
" #
ðC4Þ
The partial derivative may be approximated by the ﬁnite difference
method as
@f
@v ﬃ
f ðv þ dv ; tÞ  f ðv  dv ; tÞ
2dv ðC5Þ
@f
@t
ﬃ f ðv ; t þ dtÞ  f ðv; t  dtÞ
2dt
ðC6Þ
@2f
@v2 ﬃ
f ðv þ dv; tÞ  2f ðv; tÞ þ f ðv  dv; tÞ
ðdvÞ2
ðC7Þ
@2f
@t2
ﬃ f ðv; t þ dtÞ  2f ðv; tÞ þ f ðv ; t  dtÞ
ðdtÞ2
ðC8Þ
@2f
@t@v ¼
@2f
@v@t ðC9Þand
@2f
@v@tﬃ
f ðvþdv ;tþdtÞ f ðvþdv ;tdtÞ f ðvdv ;tþdtÞþ f ðvdv ;tdtÞ
4dvdt
ðC10Þ
where dv and dt are small changes of the variables v and t.
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